A class of spherically symmetric non-Hermitian Hamiltonians and their η-pseudo-Hermiticity generators are presented. An operators-based procedure is introduced so that the results for the 1D Schrödinger Hamiltonian may very well be reproduced. A generalization beyond the nodeless states is proposed. Our illustrative examples include η-pseudo-Hermiticity generators for the non-Hermitian weakly perturbed 1D and radial oscillators, the non-Hermitian perturbed radial Coulomb, and the nonHermitian radial Morse models. .
Introduction
The consensus that "the existence of real spectrum need not necessarily be attributed to the Hermiticity of the Hamiltonian" has offered a sufficiently strong motivation for the continued interest in the complex, non-Hermitian, Hamiltonians [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . Intensive studies on such Hamiltonians resulted in the proposal of the PT -symmetric quantum mechanics by Bender and Boettcher [2] , where the Hamiltonian Hermiticity assumption H = H † is replaced by the mere PT -symmetry, where P denotes the parity (PxP = −x) and the anti-linear operator T mimics the time reflection (T iT = −i). Whilst in such models a quantum particle is assumed to move in a complex potential, the real part of which is parity-even and the imaginary part is odd, it was occasionally necessary to extend the definition of position-space wave function to complex values of the coordinates (cf, e.g., [3] ).
Nevertheless, among the first PT -symmetric models with physically acceptable impact has been the Buslaev and Grecchi quartic anharmonic oscillator [1] described by the radial Schrödinger equation
Where, in the presence of a less traditional context, a coordinate shift to the complex plane, r → x − ic, is introduced (with real x ∈ (−∞, ∞) and a constant Im r = −c < 0) and R (r) ∈ L 2 (−∞, ∞) is required. For explicit illustration the reader may refer to, e.g., Znojil and Lévai in [1] . However, subsequent recent studies emphasized that the PT -symmetric Hamiltonians constitute a subclass of a very broad class of the so-called pseudoHermiticity of these non-Hermitian Hamiltonians [4] [5] [6] [7] [8] . A Hamiltonian H is pseudo-Hermitian if it obeys the similarity transformation:
Where η is a Hermitian (and so is η H) invertible linear operator and ( † ) denotes the adjoint. In such settings, it is concreted (cf, e.g. [5, 7, 8] ) that H, with a complete biorthonormal eigenvectors, has a real spectrum and is η-pseudoHermitian with respect to the nontrivial "metric"operator
Where O is some linear invertible operator O : H→H, and H is the Hilbert space of the quantum system with a Hamiltonian H and infinitely many η satisfying (2) .(cf, e.g., [4, 8, 9] ). Moreover, an η-pseudo-Hermitian Hamiltonian equivalently satisfies the intertwining relation:
In this work, we present a class of spherically symmetric non-Hermitian Hamiltonians and their η-pseudo-Hermiticity generators. An operators-based procedure is introduced (in section 2) so that the results of Fityo's formalism [9] , for the one-dimensional (1D) Schrödinger Hamiltonian, may very well be reproduced. On this issue, the reader may be reminded that one can safely return back from the redial Schrödinger equation (1) to the one dimensional case by the trivial choice ℓ = −1 and/or ℓ = 0 (cf, e.g., the sample in [3] ). Our illustrative examples, in section 3, include η-pseudo-Hermiticity generators for the nonHermitian weakly perturbed 1D and radial oscillator, the non-Hermitian perturbed radial Coulomb, and the non-Hermitian radial Morse models. Therein, we present not only nodeless radial wave functions but also some of the multinodal ones. We give our concluding remarks in section 4.
2 Spherically symmetric non-Hermitian Hamiltonians and their η-pseudo-Hermiticity generators
Consider a class of spherically symmetric non-Hermitian Hamiltonians (in = 2m = 1 units) of the form
where V 1 (r) and V 2 (r) are real-valued radial functions, and ℓ is the angular momentum quantum number. Then H has a real spectrum if and only if there is an invertible linear operator O : H −→ H such that H is η-pseudo-Hermitian with the linear invertible operator
where
and F (r) and G(r) are real-valued radially symmetric functions and R ∋ r ∈ (0, ∞). Equation (3), in turn, implies
, and primes denote derivatives with respect to r. Herein, it should be noted that the operators O and O † are two intertwining operators and the Hermitian operator η only plays the role of a certain auxiliary transformation of the dual Hilbert space and leads to the intertwining relation (4) (cf, e.g., [4, [5] [6] [7] [8] [9] [10] ). Hence, relation (4) along with the eigenvalue equation for the Hamiltonian, H/E i = E i /E i , and its adjoint, 
Which implies that if E * i = E j then E i /E j η = 0.Therefore, the η-orthogonality of the eigenvectors suggests that if ψ is an eigenvector (of eigenvalue
and
Let us recast the linear invertible operators' proposal in (6) as
to imply
Hence, with E = E 1 +iE 2 and H in (5) the eigenvalue problem Hψ (r) = Eψ (r) implies
This in turn, collapses into Riccati-type equation:
The real part of which reads
and the imaginary part reads
On the other hand, the intertwining relation H † η = η H along with (6) and (7) would lead to
to imply, respectively,
where α, β ∈ R are integration constants. Eventually, with (21) and (15) implying E 1 = β one would recast (15) as
Equations (20) and (16) imply
which when substituted in (22) yields
and negate
as defined early on. Yet E 2 ∈ C contradicts with the real/imaginary descendants, (15) and (16), of the Riccati-type equation (14) . Therefore, with
Nevertheless, with α = 0 one can express G(r) in terms of F (r), i.e.,
Hence, G (r) and/or F (r) (equivalently f (r) and/or g (r) ,i.e. the generators reported by Fityo in [9] ) can be considered as generating function(s) of the η-pseudo-Hermiticity of non-Hermitian Hamiltonians with real spectrum, where ψ (r) in (26) is an eigen function of H in (5), but not necessarily normalizable. Moreover, the reality of the spectrum, in the forthcoming sections of our proposal, is secured by the choice R ∋ α = 0. It should be noted here that the dependence of the radial wave function on the orbital angular momentum quantum number ℓ is obvious in (26) and (27). Yet, the formalism of the 1D case described by Fityo [9] may very well be reproduced by the trivial traditional setting ℓ = −1, n r = 0, and r → x ∈ (−∞, ∞).
Illustrative examples
In this section, we construct η-pseudo-Herrmiticity of some non-Hermitian Hamiltonians using the above mentioned procedure using the following illustrative examples:
3.1 Non-Hermitian perturbed 1D-harmonic oscillator η-pseudo-Hermiticity generator(s)
In this subsection we consider the perturbed 1D-harmonic oscillator (i.e., ℓ = −1, r → x ∈ (−∞, ∞)) with its real-valued generating-function g (x) = exp −x 2 in (27) to get:
A) For n r = 0, the effective potential
which in turn leads to a PT −symmetric η-pseudo-Hermitian Hamiltonian of the form
with a corresponding node-less (i.e., n r = 0) normalized wave function
The probability density is then given by
It should be noted that ψ 0 (x) ∼ e B) For n r = 1, and A
0,ℓ = 0, the effective potential
which in turn leads to an η-pseudo-Hermitian Hamiltonian of the form
with a corresponding one-nodal (i.e., n r = 1) normalized wave function
It should be noted that
0,ℓ = 0, and A
1,ℓ = −1 the effective potential
with a corresponding tow-nodal (i.e., n r = 2) normalized wave function
2 /2 is the exact first-excited state wave function of the harmonic oscillator.
Non-Hermitian perturbed radial harmonic oscillator
η-pseudo-Hermiticity generator(s)
With ℓ ≥ 0 and r ∈ (0, ∞), we consider the radial harmonic oscillator generating function g (r) = exp −r 2 to yield:
B) For n r = 1, with A
0,ℓ = 1 in (27), the effective potential
Im V ef f (r) = 4(r − 1)(r 3 − r 2 − (ℓ + 2)r + ℓ + 1)r 2ℓ+1 exp(−r 2 ) (46) which in turn leads to an η-pseudo-Hermitian Hamiltonian of the form
Non-Hermitian perturbed radial Coulomb η-pseudoHermiticity generator(s)
With ℓ ≥ 0 and r ∈ (0, ∞), let the real-valued function g (r) = exp (−2r) be substituted in (27), then A) For n r = 0, the effective potential
B) For n r = 1, and A (1) 0,ℓ = 1 in (27), the effective potential
(55) which in turn leads to an η-pseudo-Hermitian Hamiltonian of the form
Non-Hermitian radial Morse η-pseudo-Hermiticity generator(s)
For n r = 0, ℓ = 0, and g (r) = e −r /r 2 the effective potential
with a corresponding node-less normalized (N = 1) wave function
Nevertheless, as an η−pseudo-Hermiticity product, our effective potential V ef f (r) in (59) collapses into the well known non-PT −symmetric, complex, non-Hermitian Morse potential
model (i.e., e.g., A = 0, B = −1 and C = 1/2) studied in [14, 15] . In connection with the radial PT −symmetric regularization of the current example, one should keep in mind, e.g., Znojil and Lévai [1] coordinate shift proposal mentioned in our introduction.
Concluding Remarks
In this paper we have presented a class of spherically symmetric non-Hermitian Hamiltonians and their η-pseudo-Hermiticity generators through an operatorsbased procedure. Using such procedure, we managed to come out with η-pseudoHermiticity generators for the non-Hermitian weakly perturbed 1D and radial harmonic oscillator, the non-Hermitian perturbed radial Coulomb, and the nonHermitian radial Morse models. We have presented not only nodeless 1D and radial wave functions but also some of the multi-nodal ones (further documentation on this issue is provided in our illustrative figures (1-9) ). In the light of this experience, we have witnessed that the form of the η-pseudo-Hermitian Hamiltonian changes for different values of ℓ and n r . However, the reader should be reminded that our current proposal does not target exact solvability of η-pseudo-Hermitian Hamiltonians but rather produces nonHermitian η-pseudo-Hermitian Hamiltonian with real spectrum.
Finally, it evident that the 1D results reported by Fityo in [9] may, very well, be reproduced using the trivial choice ℓ = −1, n r = 0, and r → x ∈ (−∞, ∞).. This in effect labels our current proposal as a 1D-generalization and/or spherically symmetric regularization of Fityo's η-pseudo-Hermiticity generators in [9] .
Figures' Captions   Figure 1 : For g (r) = exp −r 2 with α = 0, n r = 0 and ℓ = 0, (a) the real part of the effective potential Re V ef f (r) (with the dashed curve as its imaginary part, Im V ef f (r)), (b) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), (c) the real part of the unnormalized 1D (with ℓ = −1) wave function ψ (r) , r ∈ (−∞, ∞) (with the dashed curve as its imaginary part), and (d) the probability density P (r) = |ψ (r)| 2 illustrating the existence of a square-integrable state.
Figure 2:
For g (r) = exp −r 2 with α = 0, n r = 0 and ℓ = 1, (a) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), (b) the real part of the effective potential Re V ef f (r) (with the dashed curve as its imaginary part, Im V ef f (r)), (c) the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), and (d) the probability density P (r) = |ψ (r)| 2 and the dashed curve is the real part of the effective potential, Re V ef f (r). 
0,ℓ = −1 and ℓ = 0, 1. For ℓ = 0,(a) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (b)the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), exemplifying the multi-nodal radial wave functions production, and (b) the probability density P (r) = |ψ (r)| 2 . For ℓ = 1, (d) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (e)the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), exemplifying the multi-nodal radial wave functions production, and (f) the probability density P (r) = |ψ (r)| 2 . 
0,ℓ = −1 and ℓ = 3, 5. For ℓ = 3,(a) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (b)the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), exemplifying the multi-nodal radial wave functions production, and (b) the probability density P (r) = |ψ (r)| 2 . For ℓ = 5, (d) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (e)the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), exemplifying the multi-nodal radial wave functions production, and (f) the probability density P (r) = |ψ (r)| 2 . 
0,ℓ = 2, A
1,ℓ = −3 and ℓ = 0, 1. For ℓ = 0,(a) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (b) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), exemplifying the multi-nodal radial wave functions production, and (c) the probability density P (r) = |ψ (r)| 2 . For ℓ = 1, (d) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (e)the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), exemplifying the multi-nodal radial wave functions production, and (f) the probability density P (r) = |ψ (r)| 2 . Figure 7 : For g (r) = exp (−2r) with α = 0, n r = 0 and ℓ = 0, 1. For ℓ = 0,(a) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (b) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), and (c) the probability density P (r) = |ψ (r)| 2 . For ℓ = 1, (d) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (e) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), and (f) the probability density P (r) = |ψ (r)| 2 . 
0,ℓ = −1 and ℓ = 0, 1. For ℓ = 0,(a) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (b) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), and (c) the probability density P (r) = |ψ (r)| 2 . For ℓ = 1, (d) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (e) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), and (f) the probability density P (r) = |ψ (r)| 2 . Figure 9 : For g (r) = exp (−2r) with α = 0, n r = 2, A
1,ℓ = −3 and ℓ = 0, 1. For ℓ = 0,(a) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (b) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), and (c) the probability density P (r) = |ψ (r)| 2 . For ℓ = 1, (d) the real part of the effective potential (with the dashed curve as its imaginary part, Im V ef f (r)), (e) the real part of the unnormalized radial wave function R (r) = ψ (r) /r (with the dashed curve as its imaginary part), and (f) the probability density P (r) = |ψ (r)| 2 .
